THE RATIONAL HOMOTOPY OF A WEDGE ALLAN CLARK AND LARRY SMITH
The rational homotopy of a wedge Jv Y is given in terms of the rational homotopy of X and Y.
Let X be a pathwise connected and simply connected space with base point e z , which is a neighborhood deformation retract in X. (See [5] .) We shall say that X is a nicely pointed space. The rational homotopy of X is the connected graded Lie algebra over Q, £fϊ(X), defined by setting j^(X) -π n+1 (X, e x ) <g) Q, with the Lie product induced by the Whitehead product on homotopy groups.
The purpose of this note is to show that the functor Sf* preserves coproducts. More precisely we show: THEOREM 
1, Let X and Y be nicely pointed spaces which are pathwise connected and simply connected and whose rational homotopy has finite type. Then there is a natural isomorphism of graded Lie algebras φ{X, Y): 3f*{X V Y) ~ J^*(X) JL
where _L denotes the coproduct in the category of connected graded Lie algebras over Q (defined below).
The result follows easily from the natural isomorphism of £ with H*(ΩX; Q), the Lie algebra of primitive elements of the Hopf algebra H*(ΩX; Q). This isomorphism was discovered by Cartan and Serre; a revised statement [4, page 263 ] is due to John Moore to whom we are indebted for many useful conversations. Due to this isomorphism we may view ^% as the composition of four functors: £f* = ^H^^ where 1. ^ is the functor which assigns to a pathwise and simply connected space the connected differential graded Q-coalgebra formed by its simply connected singular chain complex over Q; 2. ^ is the cobar construction; 3. H is the homology functor; 4. & is the functor which assigns to a connected graded Hopf algebra over Q the associated connected graded Lie algebra of primitive elements.
The idea of the proof is to show that each of the required categories has coproducts preserved by the four functors involved.
This result has long been a part of the folk literature, but to In the remaining examples K will be a commutative ring with unit. EXAMPLE 
2.
c έ? -the category of connected graded K-modules. For each object A of, we have A o ^ K. The coproduct is defined by (A JL B) n = A n @B n for n > 0. 
U(A) -T(A)/J where J is the ideal generated by all elements
To form the coproduct _L in ^ we begin by forming U(A) _L U(B) as in Example 2. We define A _L B to be the sub Lie algebra of (the associated Lie algebra of) U(A) _L U(B) generated by the images of A and B. Thus we have a diagram
It is routine to check the universal property. We note that unique- Proof. Let C, and C 2 belong to C'DGCO. Then J^ induces maps ^(Ci) -> ^~(C X ± C 2 ). Consequently we have in C°DGAl:
Let % denote the functors which forget the differentials in various categories. Then ^{C\ = T(Q) so that
is an isomorphism. Since # is faithful, φ is an isomorphism. Next we restrict our attention to algebras over the rational field Q and consider the homology functor H*: C°DGAl/Q-> C°GAl/Q, the category of connected graded Q-algebras.
PROPOSITION. H*(A LB)** H*(A) J_ H*{B).
Proof. We can readily construct a diagram in C°DGAl/Q
The additive isomorphisms • and
H(A) 1 H{B) = (H(A)
together with the Kunneth Theorem implies that φ is an isomorphism.
3.
Proof of Theorem I* In the notation above we have isomorphisms of graded Q-algebras
By a theorem of Adams, for any path wise and simply connected space Z, there is a natural isomorphism of algebras, H*(ΩZ; Q) -> H^(^^Z).
Consequently the morphism of Hopf algebras H*(ΩX; Q) ± H*(ΩY; Q) > H*(Ω{X V Y); Q)
is an isomorphism of algebras, and hence of Hopf algebras. Moore's statement says H*(ΩX; Q) = U(JZ%(X)) so we have
and since PU is the identity, £f*(X) ± £f*{Y) ** ^AX V Y).
REMARK. It is apparent from the above argument and the theorem of Adams that
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